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SPECTRAL SHIFT FUNCTION AND RESONANCES NEAR THE LOW 
GROUND STATE FOR PAULI AND SCHRODINGER OPERATORS 

DIOMBA SAMBOU 


Abstract. We study the spectral shift function (SSF) ^(A) and the resonances of the 
operator Hy '■= (cr ■ (—iV — A))^ + V in L^(K^) near the origin. Here a := (cti, (T 2 , ua) 
are the 2x2 Pauli matrices and P is a hermitian potential decaying exponentially in the 
direction of the magnetic field B := curl A. We give a representation of the derivative 
of the SSF as a sum of the imaginary part of a holomorphic function and a harmonic 
measure related to the resonances of Hy- This representation warrant the Breit-Wigner 
approximation moreover we deduce information about the singularities of the SSF at the 
origin and a local trace formula. 


AMS 2010 Mathematics Subject Classification: 35P25, 35J10, 47F05, 81Q10. 

Keywords: Spectral shift function, Pauli operator, Schrodinger operator. Resonances, 
Breit-Wigner approximation. Trace formula. 


Contents 

1. Introduction and motivations 

1.1. Unperturbed operator 

1.2. Perturbed operator and the spectral shift function 

2. Statement of the main results 

3. Definition of the resonances 

4. Results on the resonances 

4.1. A characterisation of the resonances 

4.2. Decomposition of the weighted resolvent 

4.3. Upper bounds on the number of resonances 

5. Proof of Theorem 12.11 Breit-Wigner approximation 

5.1. Preliminary results 

5.2. Back to the proof of Theorem 12.11 

6. Proof of Theorem 12.21 Singularity at the low ground state 

7. Proof of Theorem 12.31 Local trace formula 

8. Appendix 


I 

i 

i 

0 

i 

13 

14 

M 

17 

m 

20 

27 

28 

29 


1 

























2 


DIOMBA SAMBOU 


References 


29 


1. Introduction and motivations 


1.1. Unperturbed operator. Consider the three-dimensional Panli operator acting in 
:= L^(R^,C^) and describing a quantum non-relativistic spin-| particle subject to 
a magnetic field B : —)■ pointing at the xs direction; 

(1.1) B(x) = (O, 0, 6(x)), X ■= {x±,X 3 ) a;_L := (a;i,a; 2 ) e 

Then x± = {xi,X 2 ) G are the variables on the plane perpendicular to the magnetic field. 
Let A = (oi, 02 , Os) : —?• denote the magnetic potential generating the magnetic field, 
namely B(x) := curl A(x). Since divB = 0 then b is independent of x^. Hence there is no 
loss of generality in assuming that aj, j = 1 , 2 are independent of x^ and 03 = 0 ; 

(1.2) A(x) = (ai(a;_L),a2(a;_L),0), b{x.) = b{x±) = dia 2 {x±) - d 2 ai{x±). 

Let aj, j G {1, 2, 3} be the 2x2 Pauli matrices given by 


(1.3) 





The free self-adjoint Pauli operator is initially defined on C'((°(M^,C^) (then closed in 
L\R^)) by 

(1.4) Hq := [a ■ {-iV - A)Y, a := (cxi, (72, 0 - 3 ). 

A trivial computation shows that 

-iV-Af-b 0 \ 

0 {-iV-AY + b}- 


(1,5) 


i/n = 


We will assume (abusing the terminology) that 6 : —)■ M is an admissible magnetic 
field. This means that there exists a positive constant 60 satisfying b{x±) = 60 + b{x±), b 
being a function such that the Poisson equation 

(1.6) A(p = b 

admits a solution ip G C^(R^) verifying sup 3 .^gR 2 \D°'ip{x±)\ < 00, a ^ |q!| < 2, (we 

refer to [T 8 l Section 2 . 1 ] for more details and examples on admissible magnetic fields). 
Introduce Po{x±) = &ok±P/4 and p := po + p so that we have Ap = b. Define originally 
on C'“(R^,C) the operators 

(1.7) a = aib) := —2ie“'^—e"^ and a* = a*{b) := 

oz oz 

with z ■.= Xi+ ix 2 j z := Xi — 1 x 2 and introduce the operators 

( 1 . 8 ) Hiip) = a* a and 7^2 (^) 


= aa . 
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The spectral properties of Hj = Hj{b), j = 1 , 2 are well know from [T 8 l Proposition 1 . 1 ]; 

C {0} U [C, +cxo) whith 0 an eigenvalue of infinite multiplicity, 
o'{H 2 ) C [(^, +oo), dim KeriJ 2 = 0 , 

( := oscif := sup <f>{x±) — inf (f{x±). 

The orthogonal projection onto KerTri( 6 ) will be denoted by p = p{b). From |Tn The¬ 
orem 2.3] we know that it admits a continuous integral kernel Vb{x±,x'j_), a:_L, x'j_ 6 M^. 
Furthermore by [T51 Lemma 2.3] 


(1.9) 

where 

( 1 . 10 ) 


Under the above considerations by taking oi = —d 2 <p and 02 = dip the operator Hq can 
be written in ® L^(R) as 


( 1 . 12 ) 


Ho = 


/hfl(6) (g) 1 -f 1 (g) 

I » 



0 

H2{b) (g) 1 -t- 1 (g) 



(ni{b) 0 \ 
V 0 'H 2 {b))- 


The spectrum of — ^ originally defined on C) coincides with [0, -|-oo) and is abso¬ 

lutely continuous. Then fll.9p and fll.l2p imply that 


(1.13) cr{Ho) = a^dHo) = [0, -Foo), 

(see also [El Corollary 2 . 2 ]). 


1.2. Perturbed operator and the spectral shift function. On the domain of we 
introduce the perturbed operator 


(1.14) Hv:=Ho + V, 

where V is identified with the multiplication operator by the matrix-valued function 

(1.15) U(x) := e ©/.(C^), xeR3, 

^ ^ ^ ^ V^2i(x) V22{^)J ^ 

iB/i(C^) being the set of 2 x 2 hermitian matrices. Throughout this paper we require an 
exponential decay along the direction of the magnetic field for the electric potential V in 
the following sense: 

fo ^ U e (^“(R^), |na(x)| < Const. l<i,k<2 

1 with mj_ > 2 , 7 > 0 constant and (y) := ^/T+^[y^ for y G R'^. 


Introduce some notations. Let be a separable Hilbert space and Soo{^) be the set of 
compact linear operators on Denote by Sk{T) the fc-th singular value of T G iSoo(<^). 
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The Schatten-von Neumann class ideals q G [1, +oo) are defined by 

(1.17) S,(je) := {t € ) : ||r||’, := sdT)" < +«d}. 

k 


For [g] := min {n G N : n > g} and T G Sg{J^) the regularized determinant det|-q] (/ — T) 
is defined by 


( 1 . 18 ) 


detr,T(/-r):= H 


e a { T ) 


(1 - ^)exp 



The case g = 1 corresponds to the trace class operators while the case g = 2 coincides with 
the Hilbert-Schmidt operators. 

Now let "Ho and 'H be two self-adjoint operators in ^ such that 


(1.19) 




There exists an important object in the theory of scattering associated to the pair of 
operators ("H, 'Ho) called the spectral shift function (SSF) ^(A). The concept of SSF was first 
formally introduced by Lifshits PSj. The mathematical theory of the SSF was developed 
by Krein na. For trace class perturbations fll.l9p the SSF is related to the determinant 
perturbation by the Krein’s formula (see for instance na, na) 

(1.20) ^(A) = — lim Argdet (/-|-lA(Ho — A — , a.e. A G M, 

TT £—>0+ ^ 

the branch of the argument being fixed by the condition 

Argdet (/ -|- lA(Ho — z)~^^ —)■ 0 , Im( 2 :) —>■ +cx). 

Actually on the basis of the invariance principle (see for instance 0 ) the SSF is well defined 
once there exists £ > 0 such that 


( 1 . 21 ) 

It’s the function whose derivative is given by the following distribution: 

(1.22) j':/_^_Tr(/fH)-/(«„)). / £ C„“(R). 

Following the Birman-Krein theory (see 0 ) the SSF coincides with the scattering phase 
s(A) = —^Argdet *S'(A) where S'(A) is the scattering matrix. More precisely by the Birman- 
Krein formula (see 0 ) the SSF is related to S'(A) by det 5(A) = e almost every 

A G aac{Ho)- The above interpretation of the SSF as the scattering phase stimulates its 
investigation in quantum-mechanical problems. We refer to the review [3] and the book 
m for a large detailed bibliography about the SSF. 

In our case assumption fll.lbp on V implies that there exists Y G such that 

(1.23) |K|5(x) = ^(x_l) x = {x±,t) e'Mf, m± > 2. 
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The standard criterion [201 Theorem 4.1] implies that 

(1.24) + g52(l2(M^C)). 

Then this together with the diamagnetic ineqnality (see [H Theorem 2.3]-|2ni Theorem 
2.13]) and the boundedness of the magnetic field h imply that 

(1.25) e52(L2(M')). 

Therefore exploiting the resolvent identity we obtain 

(1.26) e Si{L\R^)). 

Namely fll.2ip holds with ^ = 1 with respect to the operators Hy-, Hq and the Hilbert 
space = L^(M^). So the distribution 

(1-27) ?':/^-Tr(/(ff,,)-/(J7„)), / £ C„“(K) 

is well defined. For our purpose it is more convenient to introduce the regularized spectral 
shift function (see for instance |13) or H) 

(1.28) 'C 2 (A) = - lim AYgdet 2 (l + V{Ho - X - 

TT e —>-0+ 

whose derivative is given by the distribution 

(1.29) {':/^-Tr(/(ffO-/(-ffo)-^/(77o + £r)|„„), / £ C„“(K). 

From the relation between and ^2 given by Lemma 15.11 we will deduce the properties of 
the SSF. In the present paper the main result concerns a representation of the derivative of 
the SSF near the low ground state of the operator Hq corresponding to the origin as a sum 
of a harmonic measure (related to the resonances of the operator Hy near zero) and the 
imaginary part of a holomorphic function. Such representation justifies the Breit-Wigner 
approximation (see Theorem 12.ip and implies a trace formula (see Theorem 12.2p as in |17) . 
0.0.0- We derive also from our main result an asymptotic expansion of the SSF near 
the origin (see Theorem 12.3p . Similar results are obtained in [5] for the SSF near the 
Landau levels as well in m On the other hand the singularities of the SSF associated to 
the pair {Hy, Hq) is also studied in [18] with polynomial decay on the electric potential V. 
In Remark 12.21 we compare our results to those of [18]. The case of the Dirac Hamiltonian 
with admissible magnetic fields is considered in [ 23 ] where the singularities of the SSF near 
±m are investigated. Results obtained there are closely related to those from |18j . 

The paper is organized as follows. In Section |2] we formulate our main results. Sections 
jSjjH are devoted to the study of the resonances of Hy near the origin. In the first one we 
define the resonances and in the second one we establish upper bounds on their number 
near the origin. Sections [MZl are respectively devoted to the proofs of the main results. 
Section [H] is a brief appendix on finite meromorphic operator-valued functions. 
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2. Statement of the main results 


First introduce some notations and terminology. 

Denote by \V\ the multiplication operator by the matrix-valued function 

(2.1) \A^(x) = V^(x) =: {|D|,fc(x)}, l<i,k<2 

and by J := sign{V) the matrix sign of V which satisfies V = J\V\. We will say that V 
is of definite sign if the multiplication operator V (x) by the matrix-valued function V (x) 
satisfies 


( 2 . 2 ) ± l/(x) > 0 

for any x G It is easy to check that in this case we have respectively V = J\V\ = ±|ld|. 
Then without loss of generality we will say that V is of definite sign J = ±. 

Let W be the multiplication operator by the function W : —)■ M defined by 

(2.3) W(x_l) := [ \V\nix±,Xs)dx3. 

Jr 

Hypothesis fll.lbp on V implies that 

(2.4) 0 < W(a:j_) < Const.'m_L > 2 , x_l 6 

where Const.' = Const. dx^. Then by [T 8 l Lemma 2.3] the positive self-adjoint 

Toeplitz operator pWp is of trace class, p = pib) being the orthogonal proiection onto 
KeiHi{h) defined by flLSD . 

Introduce e± the multiplication operators by the functions respectively and let 

c : L^(M) —)■ C be the operator given by 

(2.5) c(m) := (M,e"2 0) 

while c* : C —> L^(M) satisfies c*(A) = Ae“ 2 D_ Define the operator K : L^(M^) —> 
L 2 (M 2 ) by 

(2.6) A':=T(p0c)(J 

To be more explicit we have 

(2.7) (iLi/>)(x) = ^^^n(a:±,x'^) \V\^{x'^,x'^)^l){x'^,x'^)dx'^dx'^, 

where Pb(-, •) is the integral kernel of the orthogonal projection p. Obviously the adjoint 
operator K* : L^(R^) —> L^(M^) verifies 


( 2 . 8 ) 

Then 

(2.9) 


{K*ip){x±,X3) 


1 

7! 


\V\Hx±,X3) 


iP^)ix±). 


KK* 


A o\ pWp 
VO oj 
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SO that it is a self-adjoint positif compact operator. 

Now let us introduce technical important conditions. Dehne the constant 

( 2 . 10 ) := min Q, , 

where 7 and ( are respectively dehned by fll.lOp and fll.lOp . Let W± d be open relatively 
compact subsets of ±] 0 , such that 0 < min( 6 'o,£o) and max( 6 'o,£o) < f- 

Let r > 0 be a small parameter and assume that W± and are simply connected sets 
independent of r. We also assume that the intersections between ±]0,iV^^[ and 
are intervals. Hence we set I± := 'W± fl ±]0, 

In the case where the potential V is of dehnite sign J = sign{V) the representation of 
the SSF near zero can be specihed. This required hrstly that for fc G C small enough the 
operator I + ^K*K be invertible. That is for Arg k 7 ^ — • Secondly that the condition 

( 2 . 11 ) - 

be satished with respect to the subscript "±" in d := n ±] 0 , where 

(f)_ = 0and(f)^ = f. 

Remark 2.1. — 

(i) Under our considerations on 6 q and £9 above condition fl2.1ip is satisfied in the case 
"+ ” for J = ±. Namely 

(2.12) J = ±. 


(ii) In the case " condition fl2.1ip is satisfied for J = +. Namely 
(2.13) 


2 ^ 


TT 71 ^ 

~ ^0) 7 : + ao 


L2 ' 2 

From now on the set of the resonances near zero of Hy (see Dehnition 13.ip will be 
denoted by Res(iLy). Our hrst main result goes as follows: 

Theorem 2.1. (Breit-Wigner approximation) 

Assume that assumption fll.lbp holds. Let d he open relatively compact subsets 
0 /±]0, as above. Choose moreover 0 < si < ^ dist(f2±, O). Then there 

exists ro > 0 and holomorphic functions g± in satisfying for any /i G rl± and r < tq 
1 ^ , IU \ sr^ Im(t(;) 


(2.14) =—Ivag'^i^.r') + ^ 

rTT V r / 

where the functions g±{z,r) satisfy the bound 


7l\p, — ic| 


«)gRes(Hv')nr/± 


g±iz,r) = O 


Trl(,iyf,oo)(pWp)| lnr| +hi + na 


= C>(|lnr|r-^/™^) , 


(2.15) 
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uniformly with respect to 0 < r < uq and z G with nq{-), q = 1, 2 defined by fl4.24p . 
Furthermore for potentials of definite sign J = signiV) we have for X G rl± 


(2.16) 


-Img’, 


A 


= -ImS'i 


,r^ + Im 5 ((^^(A) + l(o^Ar 2 ^^)(A) J0'(A), 


where the function f is defined by 


(2,17) 


0(A) := Tr ( arctan 




K*K 

~7T 


/ pWp\ 

= ir arctan —, 

V 2x/a; 


the functions z hA g±{z,r) being holomorphic in and satisfying 

(2.18) g±{z,r) = 0{\\nr\), 

uniformly with respect to 0 < r < tq and z G The functions z i—)■ gi,±{z) are holomor¬ 
phic in ±] 0 , and there exists a positive constant Cqq depending on 6 q such 

that 

(2.19) 


1^1,±(^)I < Ceq(T2 fvW 


for z G ±]0, 2 eo, 2 eo[^ where the quantity o' 2 {-) is defined by fl4.22p . 


As first consequence of the above theorem we have the following result describing the 
asymptotic behaviour of the SSF on the right of the low ground state. 

Theorem 2.2. (Singularity at the low ground state) 

Assume that V satisfies assumption fll.lbp with definite sign J = signiV). Then 

(2.20) «A) = '24,(X) + O (.^(A)i) + 0(1 hi Ap) 

as A \ 0, the function 0(A) being defined by fl2.17p . 

Remark 2.2. — 

(i) Since for A > 0 

(2.21) = —if {discrete eigenvalues of Hy lying in (—oo, -A)} 
then for V > 0 we have ^(—A) = 0. 

(ii) In [IH] the singularities of the SSF near the origin are studied. //W satisfies 
assumptions (Al), (A2) or (A3) implying respectively fl4.16p . fl4.17p or fl4.18p then it is 
proved in [18] that 

( 2 . 22 ) ^(A) = ^0(A)(l + o(l)), A\0. 

Thus fl2.20p provides a remainder estimate of fl2.22p when W satisfies assumption (Al). 
However for V it is proved in [18] that 

(2-23) ^(-A) =-Trl(2Vx,^)(pWp)(l + o(l)), A \ 0. 
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As second consequence of Theorem 12.11 we have the following 
Theorem 2.3. (Local trace formula) 

Let the domains 'W± (e be as in Theorem A2. li Assume that f± is holomorphic in a 
neighbourhood of and let V'i £ H M) satisfy 'ip±{X) = 1 near fl M. Then 

under the assumptions of Theorem \2.1\ 


(2.24) 

with 

(2.25) 
where 

(2.26) 


Tr 


(V'i/i) 


iLi 


V 


- (V'i/i) 


Iln 


/± 0) +E/±,V,±(r) 


'U)gRes(/Iv')nr’#± 


l^/±,h±(’’)l ^ snp{\ f±{z)\ : z e^±\W±: Im( 2 ;) < O} x N{r), 

N{r) = TiT(^^^_oo)(pWp)| lnr| + hi + h 2 

= C>(|lnr|r-^/™^) . 


■SiVL 


Remark 2.3. (Schrodinger operator) 

Our results remain true if instead the operator Hy defined by fll.ldp we consider in 
L^(M^,C) the perturbed Schrodinger operator 

(2.27) {-tV - A)^ - b + V 

on Dom(^{—i'V — Ay — b) with Vfx) = O for anyx. G m± > 2, 7 > 0 

as in fll.ldp . Here W is just given by W(a;_L) = / |V^(a;_L,a: 3 )|(ia :3 for any x± G and in 

Jr 

identities the matrix is removed. 

Acknowledgements. The author is partially supported by the Chilean Program Nucleo 
Milenio de Fisica Matemdtica i?C120002. The author wishes to express his gratitude to 
V. Bruneau for suggesting the study of this problem. 

3. Definition of the resonances 

The potential V is assumed to satisfy fll.lbp . We recall also that p = p{b) is the orthog¬ 
onal projection onto KeriLi with Hi = Hi{b) dehned by fjl.Sp . 

Set P := p ^ 1, Q := I — P. Introduce the orthogonal projections in L^(R^) 


(3.1) 


P : = 


P 0 
0 0 


Q:=I-P = 


Q 0 
0 I 


For z G C \ [0, + 00 ) fll.ldp and fll.9p imply that 


(3.2) 


{Ho - z)-'P = 


p<^A?{z) 0 


0 


0 
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-1 


acts in Thus 


where ^{z) := 

(3.3) = +(!/„_ ;)-‘q. 

The one-dimensional resolvent ^{z) introduced above admits the integral kernel 


(3.4) 




2Vi 


if the branch lm{^/z) is chosen such that Im(y^) > 0. In the sequel we set 

(3.5) C"*" := { 2 ; G C : Im( 2 ;) > O} and := {A: G C : G C"*"}. 
With respect to the variable k we dehne the pointed disk 

(3.6) T)(0, e)* := {fc G C : 0 < |A:| < e} 
with 


( 3 . 7 ) € < / V ,,5 

the constant dehned by fl 2 .inp . 

In order to dehne the resonances near zero hrst we extend holomorophically — 
near /c = 0 . 

Proposition 3.1. Let 7 > 0 6e constant and set z{k) := k^. 

(i) The operator valued-function 

k ^ (^{Ho - z{k)y^T : ^ 

admits a holomorphic extension from C .^/2 ^ ^)* -^(0, e)*. 

(ii) For v±{x±) := {x±)~^ with a > 1 the operator valued-function 

has a holomorphic extension to 11(0, e)* with values in the Hilbert-Schmidt classS 2 (T^(M^)). 


Proof, (i) Introduce 


(3.8) L(fc) = [p 0 K(P)] fj h 

acting from e“ 2 ^*^L^(M^) to e^h )The operator ^{k) := e“ 2 admits 
the integral kernel 


(3.9) 






-W) 


2k 


It is easy to check that the integral kernel fl3.9l) belongs to L^(M) once Im(fc) > — k G C*. 
Then for e < | we can extend holomorphically k 1 —> L{k) G (e“2 e 2 ^*^L^(M^)) 
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from e)* to D(0, e)*. This together with fl3.2p imply that k i —> [Ho—z{k)) G 

^ (e“ 2 gf admits a holomorphic extension to Zi)(0,e)*. 

(ii) Thanks to fl3.2p 

(3.10) T^A^) = [v±p(^^{k)](^ . 

The operator ^(k) G iS 2(T^(M)) following the proof of assertion (i) for Im(A;) > — 
k G C*. Since G then by [T8l Lemma 2.3] pvA) is a trace class operator in 

That is v±j)v± G iSi(L^(M^)). This together with fll.lip imply that nj_p G iS 2(T^(M^)) with 

(3.11) ||n±p|||2 = Tr(i;_LPT_L) = /" vAx±)Vb{x±, x±)dx± < [ vAx±)dx±. 

Jr2 J^2 

Thus k HA Ty^{k) has a holomorphic extension as above from C]y2 fl -D(0,e)* to Zl(0,e)* 
with values in S 2 (T^(M^)). The proof is complete. □ 

Now let us extend holomorphically the operator {Hq — ^)“^Q from the upper half-plane 
to the lower half-plane except a semi-axis. 

Proposition 3.2. Let 7 be as in Proposition \S. 1\ and ( be defined by fll.lOp . 

(i) The operator valued-function 

z ^ {{Ho - z)-^q : e-i^^A^{R^) ei^^A^{R^)^ 

admits a holomorphic extension from C"*" to C\ [C, 00). 

(ii) For v±{x±) := with a > 1 the operator valued-function 

: z I—)■ n_L(a:_L)e"2^*^(iLo - ^)"^Qe"2k) 

has a holomorphic extension to C\[(C, 00) with values in the Hilbert-Schmidt class S 2 (L^(M^)). 
Proof, (i) Consider 2; G C"*". Thanks to fll.l2p and fl3.ip we have 

(3.12) {Ho-z)-^q= ={'Hfib)-z)~^Q(B{'H 2 {b)-zy\ 

Since C \ [C, 00) is contained in the resolvent set of Hfib) acting on QDomlfHfibfij and 
'H 2 {b) acting on Dom(H 2 {b)) then C \ [C, cxo) 9 2; 1—)■ {Pifib) — z) © {H 2 {k) — z) ^ is 
well dehned and holomorphic. So C"*" 3 z e“2k> (^7/^— ^^-iQg-i© admits a holomorphic 
extension to C \ [C, cxo). 

(ii) According to fl3.12p 

Ly^{z) = v±e~^^^'^ {(PLiib) - z) ® {'H 2 {b) - z) e“2k)_ 


(3.13) 
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We have 
(3.14) 

v±e~^^^'^ ("Hi(6) - z)~^Q 


< 


Si 




By the Spectral mapping theorem 


(3.15) 


(Hi(5) + 1) (Wi(6) - 2 ) ‘<3 


< sup 


se[C,+oo) 


s + 1 


With the help of the resolvent identity, the boundedness of the magnetic held b and the 
diamagnetic inequality (see jl] Theorem 2.3]-j2ni Theorem 2.13]) we obtain 

(3.16) 

{'Hi{b) + 1) 


-1 


< 


52 


< c 


By the standard criterion [201 Theorem 4.1] 


I+{ni{b) + l) b - Af + 1) 

we"2<*n-A + l)"' 


-1 


2 

52 


2 

52 


(3.17) 


+ l|)-‘ < C||iixe-i<‘)|||, 

52 


+ 1 


-1 


Putting together fl3.14p . fl3.15p . fl3.16p and 03.17p we get 

-1 2 

' ^ 

52 

By similar arguments we can prove that 


(3.18) v^e - z) <C\\v^e ]|i2sup2g[^^^^) 


L2 


S + 1 


(3.19) 


!.xe-J<‘>(W2(5)-2)'‘ ^ <C||!.xe-J<‘>ll!.supL[<.+oo) 

52 


S — Z 


S + 1 


Since the multiplication operator by the function is bounded then 03.13p . 03.18P and 

fl3.19p imply that L^^{z) belongs to S 2 (T^(M^)) and has a holomorphic extension from 
to C \ [(C, 00). This completes the proof. □ 


For V satisfying assumption fll.lGp . fll.23p holds. Then this together with 03.3|) . Propo¬ 
sitions 13.1113.21 yield to the following 

Lemma 3.1. Let D{0,e)* be the pointed disk defined by 03.6p . Assume that V satisfies 
Ol.lbp and set z{k) := k'^. Then the operator valued-function 

C+2 n Z1(0, ey^k^ Tv{z{k)) := J\V\^/\Ho - z{k)Y"\V\^/\ 

where J := sign{V) has a holomorphic extension to Zl(0,e)* with values in 1S2 (T^(M^)). 
ITe will denote again this extension by 7v[z{k)Y Furthermore the operator d^Fy {z{k)^ G 
iSi (L^(M^)) is holomorphic on Zl(0 ,e)*. 



















































































SPECTRAL SHIFT FUNCTION AND RESONANCES 


13 


Now using the identity 

{Hv - z)-'(l + V{H^ - z)-^) = {Ho - z)-^ 
derived from the resolvent equation we obtain 

X (l + e^^^WiHo-. 

As in fll.23p assumption fll.161) on V implies the existence of ^ G such that 

(3.20) \V\{x±,t) = ^ ^ , {x±,t) m± > 2. 

Then similarly to Lemma [3.11 it can be proved that k i— > e^^^'^V{Ho — z)“^e“2(b is holo- 
morphic with values in Soo (L^(M^)). Thus by the analytic Fredholm theorem the operator 
valued-function 

k^(l + e^^^W{Ho - z)-^e-"^Y~^ 

admits a meromorphic extension from ^^2 Fl T)(0,e)* to D(0,e)*. Hence we have the 
following 

Proposition 3.3. Under the assumptions and the notations of Lemma \3.1\ the operator 
valued-function 

k ^ {^{Hv - z{k))~^ : e"^ {^^ 

admits a meromorphic extension from F i5(0,e)* to D{0,e)*. This extension will he 
denoted by R[z{k)). 

We can now define the resonances of Hy near zero. In the following definition the 
index of a finite-meromorphic operator valued-function appearing in fl3.2ip is recalled in 
the Appendix. 

Definition 3.1. ITe define the resonances of H near zero as the poles of the meromorphic 
extension R{z) of {Hy — z)~^ in (e“ g<5{x3>^2j']^3^j ^ multiplicity of a 

resonance Zq := z{ko) is defined by 

(3.21) mult(2;o) := Indc {l + Ty{z{-))^, 

C being a small contour positively oriented containing k^ as the unique point k G Zl(0,e)* 
satisfying z{k) is a resonance of Hy, and Ty[z{-)) being defined by Lemma \3.1[ 

4. Results on the resonances 

We establish preliminary results on the resonances we need for the proofs of our main 
results. 
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4.1. A characterisation of the resonances. 

Proposition 4.1. Let Tv{-) be defined by Lemma \3. A Then the following assertions are 
equivalent: 

(i) Zo := z(ko) is a resonance of Hy near zero, 

(ii) —1 is an eigenvalue of 7v{z{ko)'j, 

(hi) det2(/ + Tv{z{ko))) = 0. 

Moreover the multiplicity of Zq as zero o/det2(/ + 7y(-)) coincides with its multiplicity 
fl3.2ip as resonance of Hy. 

Proof. The equivalence (i) -v4> (ii) follows immediately from 

(4.1) (/ + J\V\^^\Ho - z)-^\V\^/^) (/ - J\V\^/^{Hy - z)-^\V\^/^) = I. 

The equivalence (ii) 4=^ (iii) is a direct consequence of the dehnition of det2 (/+7y (^(fco))) 
given by fll.lQp with q = 2. 

Otherwise since by Lemma IXTl T\A ) is holomorphic on Z1(0, e)* then so is det 2 [l + Ty{-)) 
on 11(0, e)*. Let m(2;o) be the multiplicity of Zq as zero of det2(/ + Ty{-)). If C' is a small 
contour positively oriented containing zq as the unique resonance of Hy near zero then 

(4.2) 111(2:0) = indc (det 2 {l + 7y(-))), 

where the RHS of fl4.2p is the index defined by fl4.42p of the holomorphic function det2 (/ + 
7y(-)) with respect to the contour C. Now the equality on the multiplicities claimed in 
the proposition is an immediate consequence of the equality 

indc'(det 2 {l + Ty{-))'^ = Indc + Ty{z{-))^, 

see for instance [6l (2.6)]. This concludes the proof. □ 

4.2. Decomposition of the weighted resolvent. We split the weighted resolvent Ty {z{k)) 
J\V\^(^Hq — z{kf) ^\V\^ into a singular part near k = 0 and a holomorphic part on the 
open disk 11(0, e) := Zl(0,e)* U {0} with values in iS 2(L^(M^)). 

According to fl3.3p for k G 11(0, e)* 

(4.3) Ty{z{k)) = J\V\^p®M{z{k)) \V\^ + J\V\^{Ho-z{k)Y^q\V\^. 

Recall that e± are the multiplications operators by the functions respectively. We 

have 

(4.4) J\V\ip<SM(z{k))L ^f\\V\i^J\V\ie,p<Se-M(z(k))e-L []) 
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Thanks to fl3.4p the integral kernel of e_^(z(fc))e_ is given by 
(4.5) 

JdK 

for k e Zi)(0,e)*. Then e_.^(^(A:))e_ can be decompose as 

e_,^(z(fc))e_ = 

is the rank-one operator defined by 
a{u) := 

and h{k) is the operator with integral kernel given by 


(4.6) 

where a : L? 

(4.7) 


(4.8) 


2/f\ .G — 1 _2 




2k 


e-?(h. 


It is easy to remark that —2ia = c*c where c is the operator defined by fl2.5p . This together 
with fl4.6p yield for k G D{Q,e)* to 


(4.9) 


2 

p 0 e-^[z{k)')e- = 0 c*c -I- p 0 s(/c), 

ZiK 


where s(k) is the operator acting from e to e 2 ^*^L^(M) having the integral kernel 

1 _ ik\t-t'\ 

By combining fl4.4p with fl4.9p we get for k G T*(0, e)* 

'1 0" 


J\V\ 2p 0 M[z{k)) 


(4.11) 


That is 


iJ. 


= ■^\V\^e+{p®c*c) 


1 0 


0 0 
1 0 


1^1^ 


0 0 


e+|l/| 2 -I- J|l/| 2e+p 0 s{k) 


iJ 


1 0 
0 0 


e+I^P 


|i /|2 = —K*K+J\V\^e+p®s{k) 


1 0 
0 0 


(4.12) J\V\h®^{z{k))^^^ ^ 

where K is the operator defined by fl2.6p . We have then proved the following 
Proposition 4.2. Let V satisfy assumptions fll.15p - fll.16p . Fork G Zl(0,e)* 


e+|f^|0 


(4.13) 


ry{z{k)) = +£^{k), FS-=K*K, 


the operator {k) G iS 2 (T^(R^)) being given by 


(4.14) ^{k)-.= J\V\^e+p®s{k){^^ ^^e+\V\^ + J\V\^{H,-z{k)) 'Q|P|^ 

and holomorphic on the open disk Zl(0,e) with s{k) defined by fl4.9p . 
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Remark 4.1. — 

For any r > 0 we have 

(4.15) TTlir,oo) {K*K) = Trl(,,oo) {KK*) = Tr 1 (pWp) 

following fl2.9p . 


Note that the asymptotic expansion of the qnantity TTl(^r,oo){pUp) is well known once 
the fnnction 0 < 17 G decays like a power, exponentially or is compactly snpported: 

(Al) If U G satisfies 17(a;j_) = Mo(a^±/|a:_L|)|xj_| ”*(1 + o(l)), |a;j_| —)■ oo, 0 ^ 

Uq G C°(S^,R+), \VU{x±)\ < Ci{x±)~'^~^ with m, Ci > 0 constant and if there exists an 
integrated density of states for the operator Hi{b) then 

(4.16) Tiller,oo){pUp) = + r\0, 

where Cm ■= ^ fgi uo(t)^^"^dt, (see [HI Lemma 3.3]). 

(A2) If U satishes \nU{x^_) = —/i|xj_p^(l + o(l)), |a;j_| —)■ oo with /3, /r > 0 constant 
then 

(4.17) Tr lp,oo) {pUp) = ipg{r) (l + o(l)), r \ 0, 
where for 0 < r < e“^ 

{ \ lnr|^/^ if 0 < /9 < 1, 

[ In I lnr|) ^|lnr| if/? > 1, 

(see im Lemma 3.4]). 

(A3) If U is compactly snpported and if there exists (7 > 0 constant snch that on an 
open non-empty snbset of R^ t/ > (7 then 

(4.18) Tt 1 ^r,oo){pUp) = (poo{r){l + o{l)), r\0, 

where 93oo(i’) := (In I lnr|) ^|lnr|, 0 < r < e~^. (see |181 Lemma 3.5]). 

By an evident adaptation of |5l Proof of Corollary 1] we obtain the following corollary 
snmmarizing nsefnl properties of the operator ^ dehned by fl4.13p . Therefore we omit the 
proof. 

Corollary 4.1. Let V satisfy assumptions fll.15p - fll.16p . Then 0§ G iSi(L^(R^)) and 
satisfies for r > 0 small enough 

(4.19) Trlp,,o)(.f^) = (7(r-2/™^). 

For j G hJ* the operator-valued functions 

T) 


G Si{L^{RY 


(4.20) C\ (t*[0,+oo[) 9fc^iB(fc) = ®±(fc):= —f/± 
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are holomorphic and 

(4.21) 

where 9 = Arg k, f{6) 

(4.22) apir) 


ll»(fc)lis, < m”'yp{W\), 

= (l — (sin 6 *)_) ^ with s_ 


r \ y 


p 

Sp 


P = l, 2, 

= max(—s, 0 ) for s G M and 
r>0. 


Further for any r > 0 and p>l 


(4.23) 
with 

(4.24) 


2 ^^‘^np{r) < crp(r) < np{r) + Tr l(^,oo)(<^) 


np[r) := 


^ l[o,r](^) 


Moreover if the function W defined by f|2.3p satisfies assumption (Al) with m> 2 then 
for p = 1,2 there exists constants Cm,p and Cm,p such that 


(4.25) 


crp(r) = C^^pV + o(l)), 

hp{r) = Cm,pr~‘^^ {l + o(l)), 


Finally if'W satisfies Assumptions (A2) then 

(4.26) cTp(r) = (pp{r) (l + o(l)), hp{r) = (r)), r \ 0, 

where the functions 'Py{r), (3 G (0, cx)] are defined by fl4.17p or M.lSp . 


4.3. Upper bounds on the number of resonances. The next result concerns an upper 
bound on the number of resonances near zero outside a vicinity of {z{k) : k G —zJ[0, +cxd)} 
for potentials V of definite sign J = ±. 

Theorem 4.1. Assume that V satisfying assumptions fll.15^ - 01.16p is of definite sign J. 
Let Cs{J) be the sector defined by 

(4.27) Cs{J) := {keC: -6Jlm{k) < |Re(A;)|}. 

Then for any <5 > 0 there exists lq > 0 such that for any 0 < r < tq 

(4.28) y mult(2;(A;)) = C>(| lnr|). 

z{k) S Res{Hv) 
k e {r<\k\<2r}nCs{J) 


Proof. Thanks to Proposition 14.21 for k G U(0,e)* 

(4.29) Tv{z{k)) = + a/{k), 

fz 




















18 


DIOMBA SAMBOU 


where is a self-adjoint positive operator which does not depend on k while £^{k) G 
iS2(-h^(M^)) is holoniorphic near /c = 0. Since I -|- — iJk) then I + is 

invertible for iJk ^ a{^) and satisfies 

-1 


(4.30) 


1 + 


iJ 

V 


< 


\k\ 


(Jlm(fc)) +|Re(A;)|2 


r+ := max(r, 0). 


Further it is easy to check that for k ^ Cs{J) we have uniformly with respect to |/c| < ro < e 

-1 




< Vl + 5-2 


(4.31) 

Then using fl4.29p we can write 

(4.32) I + Tv {z{k)) = (/ + A{k)) (^I + , 

where A{k) is given by 

(4.33) A{k) := s^{k)(^IeS2{L^{^^)). 

Otherwise a simple computation allows to obtain 

Tv{z{k)) -A{k) = {I + A{k)Y-^^ e Si{L\^^)) 

since AS 6 iSi(L 2(M^)) by Corollary 14.11 Then if we approximate A{k) by a finite rank- 
operator in fl4.32p and use the formula det2(/ + T) = det(/ -|- for T e Si we 

obtain 

(4.34) det2 (/ + Tv {z{k)) ) = det x det2 (/ + A{k)) . 

Then for \k\ < tq such that k G Cs{J) the zeros of det2(/ -l- Tv{z{k))) are those of 
det2(/ -l- A{k)'j with the same multiplicities thanks to Proposition 14.11 and Property f|8.3p 
applied to fl4.32p . 

Estimate fl4.3ip and the fact that sT[k) is holomorphic near k = 0 with values in 
iS 2(T^(M^)) imply that the Hilbert-Schmidt norm of A{k) is uniformly bounded with re¬ 
spect to \k\ < tq small enough and k ^ Cs{J). So we obtain uniformly with respect to 
k 


det2{l + A{k)) =0 = 0 ( 1 )- 


(4.35) 


In what follows below we prove a corresponding lower bound of fl4.35p . Identity f|4.32p 
implies that 

._i / i J \ / . 

( 4 . 36 ) 


(/ + A{k)) ^={l + y {l + Tv{z{k)) 
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With the help of fl4.1l) we get for Im(fc^) > <^ > 0 


I + Tv{z{k)) 


-1 


(4.37) 


This together with fl4.36p yield to 


= 0 1 + 


= O 


\V\^/^Hv - z{k)) 


+ |lm(A:^)| ^j = C> 


(4.38) 


{l + A{k)) ' =0{s-^)0{,-^), 


uniformly with respect to {k,s) such that 0 < s < |/c| < tq and Im(A;^) > <^ > 0. Let (/ij)j 
be the sequence of eigenvalues of A{k). We have 

= |det((/ + /l(fc))-^e^(^))| 


(4.39) 


det2(7 + A{ky) 


^ n 

I I < 2 


gMi 


1 + Pj 


X 


n 

1/^7 I > 2 


3 I I 


1 11 + hi I 


Using the uniform bound ||y4(fc)||52 = 0{1) with respect to \k\ < tq small enough and k G 
Cs{J) we can prove that the hrst product is uniformly bounded. On the other hand thanks 
to fl4.38p we have uniformly with respect to {k, s), 0 < s < \k\ < ro and Ini(fc^) > <^ > 0 

(4.40) + = 0(s-^)0(<^-^). 

Therefore using the fact that the second product has a hnite number of terms fij we deduce 
from fl4.4Up that 

(4.41) det2(/ + T(A:)) > i°d+l ind) ^ 

for some O > 0 constant. To conclude the proof we need the following Jensen type lemma 
(see for instance |51 Lemma 6]); 

Lemma 4.1. Let A be a simply eonnected sub-domain of C and let g be a holomorphic 
function in A with continuous extension to A. Assume there exists Aq G A such that 
g{\o) 7 ^ 0 and g{\) ^ 0 for A G dA the boundary of A. Let Ai, A2 ,..., Aat G A be the zeros 
of g repeated according to their multiplicity. Then for any domain A' d A there exists 
C' > 0 such that N{A',g) the number of zeros Xj of g contained in A' satisfies 


(4.42) 


A(A',^)<0' / ln|^(A)|dA-ln|(i(Ao)| 


'dA 


Consider the domain A := j/c G iA(0,e)* : r < \k\ < 2r} r]Cs{J) with some Im(fcQ) > 
? > 0, fco G A. Then Theorem 14.11 follows immediately by applying the Jensen Lemma 
14.II to the function D{-) := det2(/ + ^(O) together with Proposition 14.11 estimates 

fl4.35p - fl4.4ip . The proof is complete. □ 


For general perturbations V without sign restriction we have the following result: 
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Theorem 4.2. jT9l Theorem 2.1] 

Let V satisfy assumptions fll.l5D - (ll.l6p . Then there exists 0 < tq < e small enough such 
that for any 0 < r < tq 

(4.43) ^ mult( 2 ;(fc)) = l(r^oo)(pWp) I lnr| j. 

z(k) £ Kes{HY) 
k £ {r<\k\<2r} 


5. Proof of Theorem |2TJ Breit-Wigner approximation 
We recall that is the constant dehned by fl2.inp . 

5.1. Preliminary results. 

Lemma 5.1. Let V satisfy assumptions fll.15^ - 01.16p and 7y(-) be the operator defined by 
Lemma dM]). Thenon]-Nl^,Nl^[\{0} 

(5.1) e' = e2 + -iniTr(a,ry(-)). 

71 

Proof. To get 05.1 p thanks to 01.27p and 01.29p it suffices to prove that for any function 

f e cr {] - Nl^, NY{0}) 

(6.2) Tl' jj(X)lmH(a,TvW)dX. 

Recall that by the Helffer-Sjostrand formula (see for instance 0 ) for an analytic extension 
/ e C^(M 2 ) of / (he. /|R = / and dj{z) = C>(|Im( 2 ;)|°°)) we have 

(5.3) f{Ho + eV) = -- [ Bj{z){z -Ho- eV)-^L{dz), 

^ Jc 

L{dz) being the Lebesgue measure on C. Quantity 05.3p is differentiable with respect to e 
and it is easy to check that 

(5.4) -/(Wo + eR)|,=o = — / dj{z){z - Ho)-W{z - Ho)-^L{dz). 

de TT /c 

Exploiting the diamagnetic inequality and the boundedness of the magnetic held b it can 
be checked that for ±Im(z) > 0 the operator {z — Ho)~^V{z — Wo)“^ is of trace class. For 
Im(z) > 0 by the cyclicity of the trace we have 

(5.5) Tt(^{z-Ho)-^V{z-Ho)-^) =Tt(^J\V\Hz-Ho)-^\V\"^) =TT{d,Tv{z)) 
and for Ini(^) < 0 

(5.6) Tt(^{z-Ho)-^V{z-Ho)-^) =-Tr(a,rv(^)). 
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Therefore the operator + eV)\e=o is of trace class and using fl5.4p we get 


IV I 4:/(i/o + <rr)|,.o') =-- 


(5,7) 


de“ 


^ Jlm{z )>0 


dJ{z)TT{d^Tv{z))L{dz) 


^ Jlm(z)<0 

Now fl5.2p follows immediately from fl5.7p using the Green formula 


dJ{z)TT {d^Tv{z))L{dz). 


□ 


For further use we recall complex analysis results due to J. Sjostrand summarized in the 
following 

Proposition 5.1. 1211,1221 

Let Q <Z C be a simply connected domain satisfying G fl C’*' ^ 0. Let z ha F{z,h), 
0 < h < ho be a family of holomorphic functions in G having at most a finite number 
N{h) G N* of zeros in G. Suppose that 

(5.8) F{z, h) = zen, 

and that there exists constants C, <; > 0 with := G C : Im(z) > ^} 7 ^ 0 such that 

(5.9) \F{z,h)\>e-^^^’^\ zen,. 

Then for any G d G there exists g{-,h) holomorphic in VL such that 

N(h) 

(5.10) F{z,h)=l[{z-z,)e^^^’^\ -g{z,h) = 0{N{h)), z e Q, 

i=i 

where the Zj are the zeros of F{z, h) in VL. 


In the next proposition the domains W± d and the intervals I± are introduced in 
Section [2] just after fl2.10p . 

Proposition 5.2. Assume that V satisfies assumptions fll.15p - fll.16p . Let 'W± d and 
I± be as above. Then there exists ro > 0 and holomorphic functions g± in satisfying 
for any pi G rl± 

1 ^ , //i \ Im(tc) 


= —^^9± r)+ 

7ir \r / 


(5.11) 


iogRes(irv)nrO± 
lm(io )^0 


7r|/i — top 


Y 6{fi - w) - ^ImTi [d^Tvifi)), 

wS:Res{Hv)e\rI± 


where the functions g±{-,r) satisfy 


g±iz,r) = O 


Trl(,iyf,oo)(pWp)| lnr| +hi + na 


= C>(|lnr|r-^/™^) , 


(5.12) 
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uniformly with respect to 0 < r < uq and z G with Uq, q = 1, 2 defined by fl4.24p . 


Proof. The first step consists to reduce the study of the zeros of the 2-regularized per¬ 
turbation determinant to that of a suitable holomorphic function in satisfying the 
assumptions of Proposition 15.11 

By Proposition 14.21 for 0<s< \k\ < Sq < e 

Tv{z{k)) = '-^^ + £/{k). 

The operator-valued function k ^ £?/{k) is analytic near zero with values in iS 2 (T^(M^)). 
Then for sq small enough there exists a hnite-rank operator independent of k and {k) 
analytic near zero satisfying ||i 2 /(fc)|| < \k\ < sq such that 

(5.13) {k) = {k). 

Consider the decomposition 

(5.14) ^ = ^l[o,i,](^) + 

Obviously {iJ/k)P§l]^Q igT^{^) +.s/{k) < | for 0 < s < |fc| < sq. Then 

(5.15) I + Tv{z{k)) = {I + J^{k,s)) (^I + £/{k)^ , 

where K{k,s) is given by 

(5.16) jr(k, s) := h + 

Its rank is of order 

(6.17) O (iVl,.,„,(«) + l) = O (lVl,.,»,(pWp) + 1) 

according to fl4.15p and moreover its norm is bounded by O {s~^) for 0 < s < |fc| < Sq- 
Since ||(iJ/fc)<^l[Q i^](^) + £^{k)\\ < 1 for 0 < s < |fc| < Sq then 


iJ 


(5.18) det + + ^{k)j e 

Therefore the zeros of det 2 (/ + Tv{z{k))^ are those of 

&{k, s) := det(/ -|- (fc, s)) 


-Tv{zik)) 


^ 0 . 


(5.19) 
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with the same multiplicities thanks to Proposition 14.II and Property applied to (I5.15j) . 
The above properties of s) imply that 

c(Trl(,,^)(pWp)+l) 

&{k,s)= PJ {l + Xj{k,s)) 

J =1 


(5.20) 


= 0(1)exp (0(Trl(^,oo)(pWp) + l)| Ins 


for 0 < s < \k\ < So, where the Xj{k,s) are the eigenvalues of := Jt{k,s) satisfying 
\Xj{k, s)| = O (s“^). If Im(/c^) > <^ > 0 with 0 < s < |fc| < sq then 


^{k, s)-^ = det (/ + JT) ^ = det (/ - jr(/ + JT)-^). 

Thus with the help of fl4.37p we can show similarly to (15.20^ that 

(5.21) \^{k,s)\ > Cexp - ^(Tr(pWp) + l) (|ln?| + |lns|)y 

Now for ^{k, s) defined by 05.191) fix 0 < si < ^ dist(r2±, O) and consider the functions 

(5.22) : z G HA ^ [\/r\/z, \/rsi) 
where 

(5.23) 


2 ; = 


if e Q+, 

iy/pe~^2 if 2 ; = —pe~'-^ G 12 -. 

The functions F± are holomorphic in 12^ and according to Proposition 14.11 a) is a zero of 
F± if and only if a; = a)r is a resonance of Fly- Then by Proposition 15.II applied to F = F+ 
and F[z) = F_{—z) with h = r, N{r) = Trl(^^ 0 ;oo)(pWp) | lnr| there exists holomorphic 
functions po,± in satisfying for any z G f2± 


(5.24) 

with 

(5.25) 


{Vry/z, Vrsi) = JJ 


zr — uj 


o 90 .±( 2 , h ) 


dz 


= C’(Trl(,^^^^)(pWp)|lnr|) , 


uniformly with respect to z G #±. 

From above fl5.15p - fl5.19D we know that for ^ 0 < Si < |fc| < Sq 

det 2 (/ Tv{z)) = 

^ ^ ^ {Vrk, Vrsi) det + A{y/rk)^ . 

By setting 

iJ 


2 l(fc) := ^^l[o,i,iV?](<^) +^(\/^A;) 
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we deduce from fl5.15j) that Tv{z) — 2l(/c) is a finite-rank operator thanks to the properties 
of the operator y/rsi) given by fl5.16p . Then as in fl4.34p we can prove that 


(5.27) 


det( ( J + 

= det 2 (/ + 


with det 2 (/ -l- 2 l(fc)) 7 ^ 0 since ||2f(fc)|| < 1 for 0 < si < \k\ < sq. The holomorphicity of 
£/{k) with values in iS 2 (T^(R^)) combined with fl4.24p of Corollary 14.11 imply that 


(5.28) 

Then we have 

(5.29) 


P(fc)||2 = O ( h2 ( -^/7sl 


det2(/ + 2t(A;)) = 


On the other hand it can be also checked that 

, -1 


(5.30) det 2 (/ + 2t(A;)) ' = det 2 - 2l(fc)(J + 2l(A;)) 

Then Proposition 15.11 implies that there exists gi{-,r) holomorphic in such that 

(5.31) det 2 (/ + 2t(fc)) = 


with 

(5.32) 


A 

dz 


gi{z,r) = O (^2 ’ 


uniformly with respect to z G W±. Therefore according to dehnition fll.28p of .^2 and by 
combining fl5.26p . fl5.24p . (I5.27p with fl5.3ip we get for /i = z(yTfc) = rk‘^ G ^(0^ O M) 

(5.33) 

1 , „ . s / U \ Im(t(;) 


= —lmdx{go,± + gi) r) + ^ 

vrr V r / ^—/ 


vrlu —tcP 

ioSRes(ii'\/)nrO± ioSRes(/i'y)nr/± 

lm(ui)^0 


Y1 


-ImTr 


TT 


2k 


iJ 


dk ( ^^ 1[0 i,,y^(e^) + 42/(A;)^ -d.Tvif^ + iO) 


with 

(6.34) 

By fl4.24p of Corollary 14.11 
1 


k = 




y/JI if (U > 0 , 

/i if /i < 0 . 


(5.35) 


Tr 


2k 


dk 




iJsiy/r 


4P 


-ni 


:Vrsi ] . 
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Thanks to Lemma [3.1l t}^7i/fz) is of trace class. Then since SS G the operator 

(5.36) dk£^{k) = dk£^{k) = dk(Tv{z{k)) - 

is of trace class. Moreover the definition fl4.14p of {k) implies that 

(5.37) 

Tl' ='IV (j|V'|l(ff(,-fc")""Q|V't) =T1' (j|V'|i(ff„-fi)“"Q|V'|l). 

By setting g± = go,± + gi + g 2 with 

(5.38) g2{z) = ’ 

where ^/z is defined on r2± by fl5.23p we get the desired conclusion. □ 


The representation of the SSF near zero can be specified if the potential V is of definite 
sign J = signiy). According to Remark 12.II in the next proposition the case ” — ” is with 
respect the definite sign J = +. 

Proposition 5.3. Assume the assumptions of Theorem lil.il with V of definite sign J = 
signiy). Then for A G rl± fIS.lip holds with 

(5.39) ( 7 ’^) = +Im^(_±(A) + l(o, 7 v 2 ^)(A)J0'(A), 

where the function 0 is defined by 

( K*K 
0(A) := Tr I arctan 


(5.40) 






[ pWpA 

arctan — -j= , 


= Tr I arctan 


2\/Ay 


the functions z 1 —)■ g±{z,r) being holomorphic in r 2 ± and satisfying 
(5.41) ^±(^,r) = C>(|lnr|), 

uniformly with respect to 0 < r < Tq and z G A2±. The functions z 1 —)■ gi^z) are holomor¬ 
phic in ±] 0 , and there exists a positive constant Cg^ depending on 6 q such 

that 


(5.42) 


1^1,±(^) I < Cg^a2 


for z G ±]0, 26»o,2£o[^ where the quantity a 2 i) is defined by fl4.22p . 


Proof. We use notations of Subsection 14.31 Hence for 2 ; = zi^yFk), 0 < si < |/c| < sq and 
k G C^y) fl4.34p implies that 

(5.43) det 2 (/ + Tv{z)) = det x det 2 (/ + 
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where A{y/rk) is given by fl4.33p with k replaced by y/rk. Then as in the previous proof 
by applying Proposition 15.11 to det 2 (/ + in kl± taking into account fl4.35p and 

(14.4ip we get 

(5.44) det2 {l + A{^/r^/z)) = 

w£lies{HY)nrD,± 


r J ’ 


where g± is holoniorphic in such that 

(5.45) -^g±{z,r) = 0{\\nr\), 

dz 

uniformly with respect to z G Then according to definition fll.28p of ^2 and by 

combining fl5.43p - fl5.44p we get for jj, = zi^^k') = rk"^ G ^(nj- fl M) 


(5.46) 


—Im^A^i {-,r] + 
irr \r 




2k7i 


iJ 


u)SRes(_H'^)nrf2j- 
-1 


Ini(t(;) 

7r|/i — tap 


wG'Rjes{Hy)nrI± 


IniTr I ( J + 


TT 


-ImTr ( dj'v[g, + iO) - —dkA{k) ) , 


2k 


where k is defined by fl5.34p . 

By Lemma 13.11 dzTv{z) is of trace class. Then as in fl5.36p accordingly to definition 
fICT) of A{k) 


(5.47) 


dkA{k) = dk£^{k) - dk I (1+'^'^ 


k 


k 


is of trace class. For the first term of the RHS of fl5.47p equality fl5.37p holds. For the 
second term we have 


(5.48) 


Im^Tr^fc l£/{k)^-^l 


/ + 


iJ 

V 


- 1 ' 


= Im—9fc(^i,±(fc^)), 


where gi^± is the holomorphic function given by 
(5.49) 9i,±{^) ■= Tr 




satisfying bound fl5.42p by Corollary 14.11 
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For the fourth term of the RHS of fl5.46j) we have 

-1 


^ImTr [ ( / + 

2k IV k 


d, ( 


k 


(5.50) 


It rr. 

—— IniTr —I 
2k? \ k 


1 + 


iJ 


if Jfc G 


-1 


^TrU^ J+f =J$'(fc2) if keR. 


Then Proposition 15.31 follows. 


□ 


5.2. Back to the proof of Theorem 12.11 It follows immediately by combining Lemma 
15.11 with Propositions I5.21I5TS1 


6. Proof of Theorem |22J Singularity at the low ground state 

We begin by applying Theorem 12.II on intervals of the form r„[l, 2], = 2"'A with A > 0 

small enough. Hence for a complex neighbourhood of [1, 2] and /i G r„[l, 2] we have 

Im(t(;) 




( 6 , 1 ) 


wGKes(Hv)^rn^- 
Im('hj)/:0 


7r|/i — tap 


weRes(Hv)r\r„[l,2] 

By Theorem 14.11 there exists at most (P(| lnr„|) resonances in r„f2+. Then by integrating 
fib.ip on r„[l, 2] we obtain 

(6.2) ^(r„+i) -^{vn) = ^[lm^±(-,r„)]^ + C>(|lnr„|) + + 

j \^2 j\j 2 

Now choose G M such that < A2^+^ < —Then taking the sum in 06.21) and 

_/\r2 

exploiting the fact that in —^ [i, l] the functions <I>, gi^± are uniformly bounded together 

with g±{-,rn) = C>(|lnr„|) we get 


N 


(6.3) 


e(A) = -$(A) + -Im^i,±(A) + ln2"A|) + 0(1). 

TT TT 

n=0 


Since N — 0{\ lnA|) and g\_± satisfies ll'l mil then 116 itll implies that for A small enough 


(6.4) 


«A) - 24(A) 

TT 


< OllnAI^ + Oas (VX 
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for some C* > 0 constant. For a Hilbert-Schmidt operator L on we have = 

Tr(LL*). This together with the elementary ineqnality 

,2 

— < arctann, n > 0 


u 


l + u^ 


imply that ct 2 ( y/X) < $(A), which completes the proof. 


7. Proof of Theorem lOl Local trace formula 

For simplicity of notation we ignore in the proof the dependence on the snbscript ±. Let 
'0 G (fi) be an almost analytic extension of "0 snch that -0 = 1 on W and 

(7.1) snpp Bz'ijj C \ W. 

By Applying f|1.27p and Theorem 12.11 we get 


Tr 


m I ^) - w) (v 


= - [ew, U’f) (^) 


(7,2) 


E 


i'Bf) 


tt;GRes(i^\/)nrsupp ijj 


W 


I fm (l)lm9'(l,r)^(l 


+ E 


w E Res ( Hy ) fir supp ijj 
Im('u;)/0 


\ — w \ — w 


dX. 


Using the Green formnla and fl2.15p on snpp'0 we can estimate the integral involving g'. 
On the other hand for w G C_ := {2; G C ; Ini(^) < O} by applying the Green formnla we 
get 


(7.3) 

and 

(7.4) 


— f dz'B(z) — ^ — L(dz) +'ip(w) = 
TT Z-W 


2Tii 




f dzip{z) - —L{dz) = 

c_ z — w 


TT 


m- 


X — w 


-dX. 


dX 


2m Jr ^ ^ ' X — w 

Since / is holomorphic then with the help of the above formnlas and nsing the fact that 
-0 = -0 on R the third term of the RHS of 07.21) is eqnal to 

(7.5) 


E 


IP E Re s (), I m (tt;) 7^ 0 


m (^ 


+ 


E 


w)gRes(i?v/)nr’supp'!/i 
Im(-u;)7^0 


7rr 


(-) f '' 


'C- 


X 


z — w z — w J 


L{dz) 
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Now by using Theorem 14.21 in and the elementary inequality [T71 (5.3)] 
(7.6) ^ 

we get the result. 




\z — w 


■L(dz) < 2A/27rvol(r2) 


8. Appendix 


We recall in this subsection the notion of index (with respect to a positively oriented 
contour) of a holomorphic function and a finite meromorphic operator-valued function, see 
for instance m Definition 2.1]. 

If a function / is holomorphic in a neighbourhood of a contour 7 its index with respect 
to 7 is defined by 


( 8 , 1 ) 


ind. 


2*71 


fiz) 


dz. 


Let us point out that if / is holomorphic in a domain D with dVL = 7 then thanks to the 
residues theorem ind..,, / coincides with the number of zeros of / in D taking into account 
their multiplicity. 


Let D C C be a connected domain, Z C D be a pure point and closed subset and 
A : D\Z —> GL(L^) a be finite meromorphic operator-valued function which is Fredholm 
at each point of Z. The index of A with respect to the contour dfl is defined by 

(8.2) IndgfiA:= -Tr [ A'{z)A{z)~^dz = -Tr f A{z)~^A'{z)dz. 

2*vr Jg^ 2nr Jg^ 

The following properties are well known; 


(8.3) Indgn A 1 A 2 = Indgn Ai Indgn A 2 ; 
for K{z) a trace class operator 

(8.4) Indgn {I + K) = indgfi det {I + K). 
We refer for instance m Chap. 4] for more details. 
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